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Solution to Assignment 7

Section 7.3

10.

11.

16.

We let F(t) = fj f. Then G(z) = fau(x) f=F(v(z)) . Applying the Chain Rule and then
the Second Fundamental Theorem,

G'(z) = F'(v(x))V(z) = f(v(2))V'(x) .

First,

2

* 1
F(x):/ ——dt .
o 1+t

By taking v(z) = 2 and applying the previous problem, we have

1 2x
Fl(z) = 9% — .
@) =1 ¥ =10

Next, write
€T CIEQ
F(x) :/ \/1+t2dt—/ V14 t2dt
0 0

and apply the previous problem separately to get

Fl(x) = V1+ 22— 221+ 24 .

Differentiate both sides to get

f(@) = —f(x),

fo=fo=1

Check the assumption for the Second Fundamental Theorem.

after noting

Supplementary Exercise

1. Evaluate the following integrals

a
/ 22V a2 — x2dz .
0
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Solution. WLOG take a > 0. Use the change of variables x = asin6, 6 € [0, 7/2]. Then
dx/df = acosf on [0,7/2].

a /2
/ 22Va? — 22 de = / a?sin?0(| a | cos 0)(acosb) db
0 0
w/2
= a4/ sin 0 cos? 6 do
Z/ sin? 20 df
_ a/”/2<1—cos49> &0
4
(L
8

Sln49> /2

mat
o

2. Prove the following formula: For any “nice” function f

/Oﬂxf sin z) / f(sinz)d

Solution.

T 7/ T
/Oxf(sinx)dx = /0 2xf(sin:1:)dx+/7r/2xf(sinm)dx

/2 0
= / :Uf(sinzv)dx+/ (m —u) f(sin(m —u))(—1) du
0 /2
/2 /2 /2
= /0 xf(sinx) dl‘—i—/o (m — ) f(sinx) dxzw/o f(sinz) dx .

Similarly,

/Oﬂf(sina:) de = /”/2 f(sinz) da:+/7rj2 Fsin(r — u))(—1) du

Hence,

3. Evaluate the integral
/ T xsinz
———dr
0o l+cos?z

Hint: Use the previous problem.



Spring 2018 Second Term MATH2060A 3

Solution.
™ 3 ™ 3
rsinx rsinx
/ T dr = / o dr
o l-+cos*x 0o 2—sin“z
. .
s sinx
- / o dr

2 Jo 2—sin“z

7T/7T —sinx
= —= — 5 dx
2 Jo 1+cos“z

T [ d(cosx)

—2Jo

1+ cos?z
v

T
= - §Arctan cosx

0

71'2

T
4. For a continuous function f on [—a,al, prove that when it satisfies

a

fg=0,

—a
for all even, integrable functions g, it must be an odd function.

Solution. Step 1. Define:

f=Jfet+fo
jo— L)+ i)

_ f(@) — f(==)
fo= T2

Note f. is even while f, is odd.
Then,
0=/ fg= 1| Jeg+ [ Jog-

Use change of variables,

0 0
- fog = - fo(x)g(x)dx
0

Therefore, [ fog = 0.
It follows that "
0= f ed -
—a

As f. is even, set g = fe, ffa f2=0= f.=0,s0 f = f,is odd. At the last we use the
continuity of f (so are f. and f,).
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5. Evaluate the following integrals:

(a)

™
/ rsinxdr ,
0

1
/ Arccoszdx.
0

(b)

The inverse cosine function Arccos maps [—1,1] to [0, 7].

Solution. (a)

™

/ xsinx dr = —/ x d(cosx) = (—x cosx)
0 0

s
+/ cosx dr =7 .
0 0

(b) Let x = cos @, 6 € [0,7/2]. Then dx/df = —sin6 on [0,7/2]. Then

1 w/2
/ Arccos z dx = —/ 0 d(cos @)
0 0

w/2 /2
+/ cos @ db
0 0

= (—fcos0)

= 1.

6. Evaluate the following integrals:
(a)
1
/ (1—2%)"dx ,
0

1
/xm(logm)”da:, m,n € N,
0

(b)
Solution. (a)
Let 2 =sin#, 6 € [0,7/2]. Then dx/df = cos 6 on [0, 7/2].
1 w/2
I, :/ 1—zH)"de = / cos®™ 16 dp
0 0
/2
= / cos®™ 6 d(sin )
0

= (cos*"#sinb)

/2 /2
o + Zn/ cos?™ 1 0sin% 0 db
0
w/2
= Qn/ cos® 1 9(1 — cos?6) df
0

w/2 w/2
= 2n/ cos®™ 19 do — 2n/ cos®™ 19 dp = onl,,_1 — 2nl,, .
0 0
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Therefore,
2n
I, = I,
" m4+1 "
2n 2n -2 2

— A
2n+12n—1 3

221 (1)2 w/2
= (n)'/ cos O do
*Jo

(2n+1)
2% (nt)? i 97T/2
= enrpt
_ 22n(n!)2
o (@2n+1)!
(b)
1 1 1
Im,nz/o 2" (logz)" de = m+1;1_1)n (log x)"d(z™T1)
1>
— 1 $m+1 (1 )n ; ! m+1( (1 )n_l)*d
= lm———(logz m+10x n(logx x
1
- " /xm(lnx)” Ldx
m-+1J
. _n
- m+ 1 m,n—1
n!
= (=)™ -
(=1) (m+ 1) 0

— (—1)"771! /1 ™ dx
(m+1)" Jo
B (_1)nn! $m+1 1
B (m+1)“m—|—1’0
(—1)"n!
RS

7. Study the uniform convergence for the following sequences of functions. Find the pointwise

limits first.

@ {5 oo, D2,

T+n

xn
b ;[0 0,1 2,5] .
o {n s oo 0l RS
Solution. (a) Let f, be the sequence. We have f/(z) = n/(x + n)? > 0 which means
the function is increasing. So || frn — 0|lcc = || fnlloc = 1, which is not equal to zero. This
sequence is not uniformly convergent to 0 on [0, 00). If now we restrict to [0, 12], the max
of fy is attained at x = 12, so now || fnllcc = 12/(12 +n) — 0 as n — oco. We conclude
that it is uniformly convergent on [0, 12].

(b) The pointwise limit is the constant one for x € (1,00). We have

d " d 1 _nxn—l
dx( 1+:c”> dx 1+ z™ (1_|_xn)2< , x€(0,00),
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so the supnorm is given by lim,_,1 1/(1+2") = 1/2. || fn—1||cc = 1/2. It means || f,—1]|cc =
1/2 # 0, so no uniform convergence on (1,00). On the other hand, on [2,5] the supnorm
is attained at x =2, so || fn — 1f[ec = 1/(1+2") = 0.

8. Study the uniform convergence of the following sequence of functions by any method.

@ { s 00

) {2 oo o).

Solution. (a) The pointwise limit is the zero function. By taking derivative we see that
the maximum of f,, is attained at z = 1/n. It follows that

H ne H nx1/n 1

_— = —_— = — O7
1+ n2n? 1+n?2x1/n?2 2 7

so the convergence is not uniform.

(b) The pointwise limit is again the zero function. It is not good to determine the maximum
of each function. But we observe that f,(7/(2n)) =2/(2 + 7), so

sinnx T 2
1+nx H_fn 2n 2—1—7r7'é

so the convergence is not uniform. In this case it is nice to draw an e-tube with e = 1/4,
say, to visualize the situation.

9. Study the pointwise and uniform convergence of {no‘xﬁ e*”‘”} on [0,00) for «, 8 > 0.

Solution. (c) The pointwise limit is the zero function on [0, 00). We find the maximum
of fn, = n®xPe~" by setting

d
0= ?fn(x) =n®BaP~lemm® — potlghene — g,
T

which implies 2 = 3/n. It is easy to check that this is the maximum as f,, is positive and
tends to 0 at x = 0 and x = co. Therefore,

lz?e™"" — 0| = fu(B/n) = B'n*Fe 7,

which tends to 0 if and only if o < 3. We conclude that {n®2z%e~"*} uniformly converges
to 0 on [0,00) iff & < B.



